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Abstract
We discuss a new realization of N-extended quantum-mechanical supersymmetry (QM SUSY)
with central charges hidden in the four-dimensional (4D) mass spectrum of higher dimensional
Dirac action with curved extra dimensions. We show that this N-extended QM SUSY results
from symmetries in extra dimensions, and the supermultiplets in this supersymmetry algebra cor-
respond to the Bogomol’nyi–Prasad–Sommerfield states. Furthermore, we examine the model of
the S 2 extra dimension with a magnetic monopole background and confirm that the N-extended
QM SUSY explains the degeneracy of the 4D mass spectrum.
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1 Introduction
So far, quantum-mechanical supersymmetry (QM SUSY) has attracted much attention and been applied to
the various research areas, e.g. exactly solvable quantum mechanics [1–5], Berry phase [6–8], black holes
and AdS/CFT [9–13], Sachdev–Ye–Kitaev model [14–18], extra dimensional models [19–24] and so on.
It’s extensions are also investigated. The N-extended supersymmetry is the extension which includes
N independent supercharges in the supersymmetry algebra [25–32]. Each of supercharge corresponds to a
square root of Hamiltonian, and they explain the degeneracy of the energy spectrum. In addition, the central
extension which introduces central charges in the algebra is also studied [33–36].1 Central charges commute
with all the operators in the algebra. As is well known, if there are central charges, the size of supermultiplets
can be small compared with the regular representation [41, 42]. Such multiplets are called short multiplets
or Bogomol’nyi–Prasad–Sommerfield (BPS) states.2 Since not so many models which realize arbitrary large
N-extended QM SUSY with central charges are known, it is worth investigating a new realization of N-
extended one.
Here, we focus on the higher dimensional Dirac action with extra dimensions. In Refs. [23, 24], it has
been shown that the structure of theN = 2 QM SUSY is hidden in the four-dimensional (4D) mass spectrum
of the higher dimensional Dirac action, and the Kaluza-Klein (KK) mode functions for the 4D right-handed
and left-handed spinors form the supermultiplets. Furthermore, in the previous papers [45, 46], we have
revealed that this N = 2 QM SUSY can be extended to the N-extended QM SUSY from the reflection
symmetries in the extra dimensions. Then we have found that the central charges appear as the result of the
reflection symmetries, and the supermultiplets of this extended QM SUSY corresponds to the BPS states.
These supercharges can explain the degeneracy of the 4D mass spectrum. However, previous works are only
devoted to the case of the flat extra dimensions. Therefore, we should take into account the case of curved
extra dimensions for a general discussion. Furthermore, we have only focused on theN-extended QM SUSY
from the reflection symmetries. Then, we can expect the possibilities that further structures of N-extended
QM SUSY from other symmetries are hidden in the 4D mass spectrum.
In this paper, we discuss a new realization of the N-extended QM SUSY with central charges which are
obtained from symmetries in the higher dimensional Dirac action with curved extra dimensions. We show
that the central charges appear from those symmetries and this N-extended QM SUSY corresponds to the
generalization of the previous one. Furthemore, the supermultiplets in this SUSY algebra also become the
BPS states. Then, as an example, we will confirm that thisN-extended QM SUSY is realized in the S 2-extra
dimension with the magnetic monopole background and explain the degeneracy of the 4D mass spectrum.
This paper is organized as follows: In Section 2, we summarize the KK decomposition of the (4 + d)-
dimensional Dirac field with the curved extra dimension and show that the N = 2 QM SUSY is hidden in
the 4D mass spectrum. In Section 3, we construct the N-extended QM SUSY with central charges from
the symmetries in extra dimensions and discuss the representation of this SUSY algebra. Then, in Section
4, we confirm that this N-extended QM SUSY can be realized in the model of the S 2-extra dimension with
the magnetic monopole background, and the KK mode functions correspond to the representation given in
Section 3. Section 5 is devoted to summary and discussion.
1Spontaneous generations of the central charges in field-theoretic SUSY algebras and associated materials have been discussed
(see e.g. [37–40]).
2See also the original papers of BPS states [43, 44].
1
2 N = 2 QM SUSY in higher dimensional Dirac action
In this section, we show that the structure ofN = 2 QM SUSY is always hidden in the 4D mass spectrum of
the (4 + d)-dimensional Dirac action with curved extra dimensions.
First, we assume that the (4 + d)-dimensional metric GMN (M,N = 0, 1, 2, 3, y1, · · · , yd) is of the form
ds2 = GMNdx
MdxN = e2∆(y)ηµνdx
µdxν + gyy′ (y) dy
ydyy
′
, (2.1)
where xM = (xµ, yy) is the (4 + d)-dimensional coordinates, and then xµ (µ = 0, 1, 2, 3) and yy (y = y1 · · · yd)
indicate the coordinates of the 4D and the extra dimensional space, respectively. ηµν = diag(−1,+1,+1,+1)
denotes the 4D Minkowski metric, and ∆(y) and gyy′ (y) depend only on the extra dimensional coordinates.
3
Then, for a general discussion, we study the (4+d)-dimensional Dirac action with the vector background
field AN(y) = (0, Ay(y)) and the scalar background field W(y):
S =
∫
d4x
∫
Ω
ddy
√
−G Ψ¯(x, y)
[
iΓNˆeNˆ
N (∇N + iqAN(y)) − W(y)
]
Ψ(x, y) , (2.2)
where Ω represents the space of the extra dimensions, G = detGMN and we define the Dirac conjugate as
Ψ¯(x, y) = Ψ†(x, y)Γ0ˆ . ΓNˆ indicate the gamma matrices which are defined by
{ΓMˆ , ΓNˆ} = −2ηMˆNˆ12⌊d/2⌋+2 , (ΓMˆ)† = Γ0ˆΓMˆΓ0ˆ (Mˆ, Nˆ = 0ˆ, 1ˆ, 2ˆ, 3ˆ, yˆ1, · · · , yˆd) , (2.3)
where Mˆ, Nˆ denote the indices of the local Lorentz frame, and ηMˆNˆ = diag(−1,+1, · · · ,+1) is (4 + d)-
dimensional Minkowski metric. eN
Nˆ is the vielvein and satisfies
eL
MˆeMˆ
N = δNL , eLˆ
MeM
Nˆ = δNˆ
Lˆ
, GMN = eM
MˆeN
NˆηMˆNˆ . (2.4)
In this model, the nonzero components of the vielvein can be given by eµ
µˆ = e∆(y)δ
µˆ
µ (µ = 0, 1, 2, 3 , µˆ =
0ˆ, 1ˆ, 2ˆ, 3ˆ) and ey
yˆ (y = y1 · · · yd , yˆ = yˆ1, · · · , yˆd). ∇N represents the covariant derivative whose behavior for
the Dirac field Ψ(x, y) is
∇NΨ(x, y) =
(
∂N +
i
2
ωNKˆLˆΣ
KˆLˆ
)
Ψ(x, y) , (2.5)
where ΣKˆLˆ = i
4
[ΓKˆ , ΓLˆ] corresponds to the generator of 4+d dimensional Lorentz transformation, and ωNKˆLˆ
is the spin connection defined from the Christoffel symmbol ΓL
NK
ωN
Kˆ
Lˆ = −eLˆK∂NeK Kˆ + eLˆKΓLNKeLKˆ , (2.6)
and whose nonzero components are ωµνˆyˆ =
1
2
(
e−∆∂ye2∆
)
ηµνˆeyˆ
y and ωyyˆ′ yˆ′′ in this model.
For the convenience, we adopt the following representation of the gamma matrices:
Γµˆ = 12⌊d/2⌋ ⊗ γµˆ , Γyˆ = γyˆ ⊗ γ5 . (2.7)
γµˆ (µˆ = 0ˆ, 1ˆ, 2ˆ, 3ˆ) are the 4 × 4 4D gamma matrices and γ5 = iγ0ˆγ1ˆγ2ˆγ3ˆ denotes the 4d chiral matrix.
γyˆ (yˆ = yˆ1, · · · , yˆd) represent the 2⌊d/2⌋ × 2⌊d/2⌋ d-dimensional internal gamma matrices which satisfy
{γyˆ , γyˆ′} = −2δyˆyˆ′ , (γyˆ)† = −γyˆ . (2.8)
3In the case that ∆(y) = −k|y| and gyy = 1 with the 1d extra dimension, this metric corresponds to the Randall-Sundrum warped
metric [47, 48].
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From this representation, the Dirac operator can be rewritten into the form4
iΓNˆeNˆ
N (∇N + iqAN) − W = 12⌊d/2⌋ ⊗ e−∆iγµ∂µ + iγyˆeyˆy(∇y + iqAy + 2∂y∆) ⊗ γ5 − W12⌊d/2⌋ ⊗ 14 , (2.9)
where ∇y in the right hand side of (2.9) means
∇y = ∂y +
i
2
ωyyˆ′ yˆ′′σ
yˆ′ yˆ′′ , σyˆ
′ yˆ′′ =
i
4
[
γyˆ
′
, γyˆ
′′]
, (2.10)
and this corresponds to the covariant derivative for spinors defined on the space Ω.
Next, we consider the KK decomposition of the higher dimensional Dirac field Ψ(x, y) to obtain the
action with 4D fields:
Ψ(x, y) =
∑
n
∑
α
{
e−2∆(y) f (n)α (y) ⊗ ψ(n)R,α(x) + e−2∆(y) g
(n)
α (y) ⊗ ψ(n)L,α(x)
}
, (2.11)
where the index n denotes the n-th level of the KK modes and α indicates the additional degeneracy of the
n-th KK modes (if exists). The mode functions f
(n)
α (y) (g
(n)
α (y)) have 2
⌊d/2⌋ components and are assumed
to form a complete set with respect to the internal space associated with the 4D right-handed (left-handed)
chiral spinors ψ
(n)
R,α
(x) (ψ
(n)
L,α
(x)). By substituting (2.11) and (2.9) into the action, we obtain
S =
∑
n,m
∑
α,β
∫
d4x
[
〈 f (n)α | f (m)β 〉 ψ¯
(n)
R, α
(x) iγµ∂µψ
(m)
R, β
(x) + 〈g(n)α |g(m)β 〉 ψ¯
(n)
L, α
(x) iγµ∂µψ
(m)
L, β
(x)
− 〈 f (n)α |A† g(m)β 〉 ψ¯
(n)
R, α
(x)ψ
(m)
L, β
(x) − 〈g(n)α |A f (m)β 〉 ψ¯
(n)
L, α
(x)ψ
(m)
R, β
(x)
]
, (2.12)
where we have defined the inner product and the operator A,A† as
〈X|Y〉 =
∫
Ω
ddy
√
ge−∆(y)X†(y)Y(y) , g = det gyy′ , (2.13)
A = e∆
[
−iγyˆeyˆy(∇y + iqAy) + W
]
, (2.14)
A† = e∆
[
+iγyˆeyˆ
y(∇y + iqAy) + W
]
. (2.15)
Then, by requiring that the KK mode functions satisfy the orthonormal relations
〈 f (n)α | f (m)β 〉 = 〈g
(n)
α |g(m)β 〉 = δnmδαβ ,
〈 f (n)α |A† g(m)β 〉 = 〈g
(n)
α |A f (m)β 〉 = mnδnmδαβ , (2.16)
we can obtain the following action:
S =
∫
d4x
{ ∑
α
∑
n
ψ¯
(n)
α (x)(iγ
µ∂µ − mn)ψ(n)α (x)
+
∑
α
ψ¯
(0)
L,α
(x)iγµ∂µψ
(0)
L,α
(x) +
∑
α
ψ¯
(0)
R,α
(x)iγµ∂µψ
(0)
R,α
(x)
}
, (2.17)
where ψ
(n)
α (x) = ψ
(n)
R,α
(x) + ψ
(n)
L,α
(x) indicate 4D Dirac spinors with mass mn and ψ
(0)
L/R,α
(x) are massless 4D
chiral spinors.
4γµ implies γµ = γµˆδ
µ
µˆ
, where δ
µ
µˆ
appear from the vielvein.
3
Since we have assumed that the KK mode functions f
(n)
α and g
(n)
α form the complete set respectively, the
orthonormal relations (2.16) lead to
A f (n)α (y) = mn g(n)α (y) , A†g(n)α (y) = mn f (n)α (y) . (2.18)
From the above relations, we can obtain
Q
(
f
(n)
α (y)
0
)
= mn
(
0
g
(n)
α (y)
)
, H
(
f
(n)
α (y)
0
)
= m2n
(
f
(n)
α (y)
0
)
, (−1)F
(
f
(n)
α (y)
0
)
= +
(
f
(n)
α (y)
0
)
,
Q
(
0
g
(n)
α (y)
)
= mn
(
f
(n)
α (y)
0
)
, H
(
0
g
(n)
α (y)
)
= m2n
(
0
g
(n)
α (y)
)
, (−1)F
(
0
g
(n)
α (y)
)
= −
(
0
g
(n)
α (y)
)
, (2.19)
where the supercharge Q, the Hamiltonian H and the “fermion” number operator (−1)F are defined by
Q =
(
0 A†
A 0
)
, (2.20)
H = Q2 = e2∆
[
−(∇y + iqAy)2 + qσyˆyˆ
′
eyˆ
yeyˆ′
y′Fyy′ +
1
4
R + iγyˆeyˆ
y(∂yW)(−1)F + W2
]
+ ie2∆γyˆeyˆ
y(∂y∆)
(A 0
0 −A†
)
, (2.21)
(−1)F =
(
12⌊d/2⌋ 0
0 −12⌊d/2⌋
)
. (2.22)
Fyy′ is the field strength for Ay and R is the Ricchi scalar defined on Ω. Then, we can find that the relations
(2.19) realize the N = 2 supersymmetric quantum mechanics [1, 49].5 In this model, the “bosonic” and
“fermionic” states which form an N = 2 supermultiplet correspond to the KK mode functions ( f (n)α (y), 0)T
and (0, g
(n)
α (y))
T.
Before closing this section, we comment about the hermiticity of the supercharge. From the action
principle δS = 0, we obtain the following condition for the KK mode functions:
∫
∂Ω
dn−1y
√
g( f
(n)
α (y))
† iny(y)γyˆeyˆy g
(m)
β
(y) = 0 , (2.23)
for all m, n, α, β, where ∂Ω represents the boundary of Ω, and ny(y) is a orthonormal vector on ∂Ω. We
can show that the above condition corresponds to the hermiticity condition for the supercharge. Then, the
supercharge Q is hermitian as long as the action principle is required. Thus, we can conclude that the
N = 2 QM SUSY is always realized in the 4D mass spectrum of the higher dimensional Dirac action and
the doubly degenerate states ( f
(n)
α (y), 0)
T and (0, g
(n)
α (y))
T are mutually related by the supercharge Q, except
for zero energy states.
3 N-extended QM SUSY with central charges
In the previous section, we have described the N = 2 QM SUSY hidden in the doubly degeneracy of f (n)α
and g
(n)
α (y). However, we can expect that further hidden structures exist in the 4D mass spectrum and this
would lead to the extra degeneracy due to the index α in addition to the doubly one.
5The N = 2 SUSY algebra {Qi,Q j} = 2Hδi j (i, j = 1, 2) is obtained with Q1 = Q and Q2 = i(−1)F Q.
4
In this section, we show that the N-extended QM SUSY with central charges can be constructed from
symmetries in the extra dimensions. Then, we clarify the representation of this algebra for the nonzero
energy states and it will turn out that the eigenstates become BPS states. This section is devoted to the
general discussion, and a concrete example will be given in the next section.
3.1 N-extended SUSY algebra with central charges
Here, we discuss a new realization ofN-extended QM SUSY from symmetries. First, we consider sets of op-
erators {aˆi (i = 1, 2, · · · ,Na)}, {bˆi (i = 1, 2, · · · ,Nb)}, · · · , {αˆi (i = 1, 2, · · · ,Nα)}, {βˆi (i = 1, 2, · · · ,Nβ)}, · · · ,
which are hermitian and consistent with an imposed boundary condition for the mode functions f
(n)
α ,
6 and
commute withA†A
[aˆi ,A†A] = [bˆi ,A†A] = · · · = [αˆi ,A†A] = [βˆi ,A†A] = · · · = 0 . (3.1)
Therefore, these operators do not change the mass eigenvalues and would be related to the symmetries in the
extra dimensions. Furthermore, we require that these operators satisfy
[aˆi , aˆ j] = [bˆi , bˆ j] = · · · = 0 , [αˆi , αˆ j] = [βˆi , βˆ j] = · · · = 0 , (3.2)
{aˆi , bˆ j} = · · · = 0 , {αˆi , βˆ j} = · · · = 0 , (3.3)
and the operators with the Roman letters and the ones with the Greek letters commute with each other
[aˆi , αˆ j] = [aˆi , βˆ j] = · · · = [bˆi , αˆ j] = [bˆi , βˆ j] = · · · = 0 . (3.4)
Then, we define the following extended supercharges
Q
(a)
i
=
(
iaˆiA†
−iAaˆi
)
, Q
(b)
i
=
(
ibˆiA†
−iAbˆi
)
, · · · , (3.5)
Q
(α)
i
=
(
αˆiA†
Aαˆi
)
, Q
(β)
i
=
(
βˆiA†
Aβˆi
)
, · · · , (3.6)
and obtain N = (Na + Nb + · · · + Nα + Nβ + · · · ) SUSY algebra with the central charges7
{Q(A)
i
,Q
(B)
j
} = 2Hδi jδAB + 2Z(A)i j δAB , (3.7)
[Q
(A)
i
, Z
(B)
jk
] = [H , Z
(A)
jk
] = [Zi j , Zkl] = [Q
(A)
i
,H] = 0 (A, B = a, b, · · · , α, β, · · · , ) , (3.8)
where the central charges are given by
Z
(a)
i j
= −Hδi j +
(
aˆiaˆ jA†A 0
0 Aaˆiaˆ jA†
)
, Z
(b)
i j
= −Hδi j +
(
bˆibˆ jA†A 0
0 Abˆibˆ jA†
)
, · · · , (3.9)
Z
(α)
i j
= −Hδi j +
(
αˆiαˆ jA†A 0
0 Aαˆiαˆ jA†
)
, Z
(β)
i j
= −Hδi j +
(
βˆiβˆ jA†A 0
0 Aβˆiβˆ jA†
)
, · · · . (3.10)
6More precisely, we require that the functions aˆi f
(n)
α (i = 1, 2, · · · , Na), bˆi f (n)α (i = 1, 2, · · · ,Nb), · · · also satisfy the imposed
boundary condition for the mode functions f
(n)
α .
7Although we can also define the supercharges with the replacement of the operators with the Roman and the Greek letters, those
are essentially same as the ones given in the above.
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Therefore, we can consider that the central charges in this SUSY algebra result from the symmetries in the
extra dimensions. If we take the sets of operaters as reflection operators and gamma matrices, this extended
QM SUSY corresponds the one given in the previous papers [46].
It should be mentioned that the supercharges Q
(A)
i
(i = 1, · · · ,NA) especially commute with each other
in this SUSY algebra.
[Q
(A)
i
,Q
(A)
j
] = 0 (i = 1, · · · ,NA) . (3.11)
This property is important for the discussion of the BPS states in the next subsection.
3.2 Representation of SUSY algebra
Then, let us clarify the representation of this algebra for the nonzero energy states. Since the Hamiltonian
and the central charges commute with each other, we first look at the simultaneous eigenstates of them:
HΦ
(n)
s,z = m
2
nΦ
(n)
s,z , Z
(A)
i j
Φ
(n)
s,z = z
(A)
i j
m2nΦ
(n)
s,z , (3.12)
where n and z indicate the labels of their eigenvalues mn and z
(A)
i j
,8 and s denotes the extra index to further
classify the eigenstates in the following discussions. For these states, the algebra (3.7) is rewritten into
{Q(A)
i
,Q
(B)
j
} = 2m2nδi jδAB + 2z(A)i j m2nδAB . (3.13)
Since z
(A)
i j
is the real symmetric matrix, it can be diagonalized by the orthogonal matrix U
(A)
i j
. Then, by
redefining the supercharges, we can obtain
{Q′(A)
i
,Q
′(B)
j
} = 2m2nδi jδAB + 2z′(A)i m2nδi jδAB , (3.14)
where z
′(A)
i
δi j =
∑
k,l U
(A)
ik
z
(A)
kl
(U(A))T
l j
is the diagonalized matrix and Q
′(A)
i
=
∑
k U
(A)
ik
Q
(A)
k
, Q
′(B)
j
=
∑
k U
(B)
jk
Q
(B)
k
indicate the redefined supercharges. Then we can find that the square of the supercharge (Q
′(A)
i
)2 equals to 0
for eigenstates with z
′(A)
i
= −1 (if exist). This relation leads to Q′(A)
i
= 0 for such states since the supercharge
Q
′(A)
i
is hermitian. Thus, for states with z
′(A)
i
= −1, the number of nontrivial supercharges effectively reduces
and the size of supermultiplets become small compared with the regular representation. These states are
called BPS states.
It should be noted that, in this algebra, at most one supercharge among Q
′(A)
i
(i = 1, · · · ,NA) can become
nontrivial and the others must equal to 0 for any eigenstates since the supercharges satisfy
Q
′(A)
i
Q
′(A)
j
= 0 (i , j) (3.15)
due to (3.14) and the commutativity of Q
(A)
i
and Q
(A)
j
. Therefore, the number of nontrivial supercharges for
the eigenstates are maximally given by the number of the sets of the operators, and the eigenstates necessarily
become the BPS states if the sets have more than one operator.
Next, to construct the supermultiplets in this SUSY algebra, we introduce the following operators by
means of the nontrivial redefined supercharges for the eigenstates:
S
(AB)
i j
= −iQ′(A)
i
Q
′(B)
j
, S
(CD)
kl
= −iQ′(C)
k
Q
′(D)
l
, · · · , (3.16)
8In general, z
(A)
i j
depend on n although these are not explicitly labeled as n.
6
where A, B,C, and D are different with each other according to the above discussion. These operators com-
mute with each other, and therefore, we can further classify the eigenfunctions by these operators. Since
these operators satisfy
(S
(AB)
i j
)2 = m4n(1 + z
′(A)
i
)(1 + z
′(B)
j
) (3.17)
for the eigenstates, we can parametrize their eigenvalues as9
S
(AB)
i j
Φ
(n)
s
(AB)
i j
s
(CD)
kl
··· ,z = s
(AB)
i j
√
(1 + z
′(A)
i
)(1 + z
′(B)
j
)m2nΦ
(n)
s
(AB)
i j
s
(CD)
kl
··· ,z , (3.18)
where s
(AB)
i j
= ±. Here, we have described the index s as s(AB)
i j
s
(CD)
kl
· · · .
From the relation
S
(AB)
i j
Q
′(E)
m =

−Q′(E)m S (AB)i j (E = A , m = i or E = B , m = j) ,
+Q
′(E)
m S
(AB)
i j
(the others) ,
(3.19)
we can see that Q
′(A)
i
and Q
′(B)
j
flip the sign of the eigenvalue of S
(AB)
i j
but do not change other eigenvalues.
Therefore, if there are K nontrivial supercharges, this relation implies that a supermultiplet in this SUSY
algebra composes of the 2⌊K/2⌋-fold degenerate states
{
Φ
(n)
s
(AB)
i j
s
(CD)
kl
··· ,z with s
(AB)
i j
= ± , s(CD)
kl
= ± , · · · }, and we
can explicitly construct the supermultiplet from Φ
(n)
++··· ,z as
Φ
(n)
s
(AB)
i j
s
(CD)
kl
··· ,z =

1
mn
√
1 + z
′(A)
i

(1−s(AB)
i j
)/2 
1
mn
√
1 + z
′(C)
k

(1−s(CD)
kl
)/2
· · ·
×
[(
Q
′(A)
i
)(1−s(AB)
i j
)/2 (
Q
′(C)
k
)(1−s(CD)
kl
)/2 · · ·
]
Φ
(n)
++··· ,z . (3.20)
4 Example
In this section, we will confirm that the N-extended QM SUSY given in the previous section can be realized
in higher dimnsional Dirac action with curved extra dimensions. As an example, we examine the S 2-extra
dimension with the Wu-Yang magnetic monopole background.
4.1 Spin-weighted spherical harmonics
As is well known, the mode functions on S 2-can be expressed by the spin-weighted spherical harmonics [50,
51]. Thus, we briefly review the Newman-Penrose ð (eth) formalism and this function.
First, we consider the rotation of the orthogonal basis eθ , eφ defined in tangent space on S
2

eθ → e′θ = eθ cosα − eφ sinα ,
eφ → e′φ = eθ sinα + eφ cosα .
(4.1)
9z′
i
≥ −1 because (Q(A)
i
)2 = m2n + z
′(A)
i
m2n ≥ 0.
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We call that a quantity η has spin weight s, if η transforms as follows under the above transformation:
η→ eisαη . (4.2)
Furthermore, we introduce the operators ð (eth) and ð¯ (eth bar) which act as follows for η with spin
weight s:
ðη = −
[
∂θ +
i
sin θ
∂φ − s cot θ
]
η = −(sin θ)s
[
∂θ +
i
sin θ
∂φ
]
(sin θ)−sη , (4.3)
ð¯η = −
[
∂θ −
i
sin θ
∂φ + s cot θ
]
η = −(sin θ)−s
[
∂θ −
i
sin θ
∂φ
]
(sin θ)sη . (4.4)
We can show that ðη has spin weight s + 1 and ð¯η has spin weight s − 1. Therefore, ð and ð¯ correspond to
the spin weight raising and lowering operators, respectively.
From (4.3) and (4.4), we obtain
ð¯ðη =
[
1
sin θ
∂θ sin θ ∂θ +
1
sin2 θ
∂2φ + 2is
cos θ
sin2 θ
∂φ −
s2
sin2 θ
+ s(s + 1)
]
η ,
ðð¯η =
[
1
sin θ
∂θ sin θ ∂θ +
1
sin2 θ
∂2φ + 2is
cos θ
sin2 θ
∂φ −
s2
sin2 θ
+ s(s − 1)
]
η . (4.5)
The spin-weighted spherical harmonics sY jm with the spin weight s is given as the eigenfunction of ð¯ð and
ðð¯ :
ð¯ð sY jm = −{ j( j + 1) − s(s + 1)} sY jm , ðð¯ sY jm = −{ j( j + 1) − s(s − 1)} sY jm , (4.6)
or equivalently
[
− 1
sin θ
∂θ sin θ ∂θ −
1
sin2 θ
∂2φ − 2is
cos θ
sin2 θ
∂φ +
s2
sin2 θ
]
sY jm = j( j + 1) sY jm , (4.7)
where the spin weight is given by s = 0 ,±1/2 ,±1 ,±3/2 · · · . The index j (= |s| , |s| + 1 , |s| + 2 , · · · ) denotes
the main total angular momentum quantum number and the index m (= − j ,− j + 1 , · · · , j − 1 , j) indicates
the secondary total angular momentum quantum number. Since the spin-weighted spherical harmonics sY jm
form a complete set for the fixed spin weight s, any function on S 2 with spin weight s can be decomposed
into sY jm.
The explicit form of the normalized spin-weighted spherical harmonics is written as 10
sY jm(θ, φ) = e
impi
√
2 j + 1
4pi
( j + m)!( j − m)!( j + s)!( j − s)!
×
min{ j−s, j−m}∑
k=max{0,−m−s}
(−1)k
(
sin θ
2
)m+s+2k (
cos θ
2
)2 j−m−s−2k
k!( j − m − k)!( j − s − k)!(m + s + k)!e
imφ , (4.8)
which satisfy the orthonormal relation
∫
dΩ (sY jm(θ, φ))
∗
sY j′m′(θ, φ) = δ j j′δmm′ . (4.9)
10In the case of s = 0, the spin-weighted spherical harmonics corresponds to the spherical harmonic Y jm.
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Here, we have chosen the phase of this function in such a way that the function satisfies
ð sY jm =
√
j( j + 1) − s(s + 1) s+1Y jm , ð¯ sY jm = −
√
j( j + 1) − s(s − 1) s−1Y jm . (4.10)
As well as the ordinary spherical harmonics, this function corresponds to the representation of su(2)
algebra
L2 sY jm = j( j + 1) sY jm , Lz sY jm = m sY jm , L± sY jm =
√
( j ∓ m)( j + 1 ± m) sY jm±1 , (4.11)
where L2, Lz and L± are the angular momentum operators for quantities with spin weight s
Lz = −i∂φ , (4.12)
L± = e±iφ
(
±∂θ + i cot θ∂φ −
s
sin θ
)
, (4.13)
L2 =
1
2
(L+L− + L−L+) + L2z = −
1
sin θ
∂θ sin θ ∂θ −
1
sin2 θ
∂2φ − 2is
cos θ
sin2 θ
∂φ +
s2
sin2 θ
, (4.14)
and satisfy
[Lz , L±] = ±L± , [L+ , L−] = 2Lz , [L2 , Lz] = [L2 , L±] = 0 . (4.15)
Furthermore, this function satisfies the following properties:
sY j m(pi − θ, φ) = (−1) j−m−sY j m(θ, φ) , (4.16)
sY jm(θ,−φ) = (−1)m−s−sY j−m(θ, φ) . (4.17)
4.2 KK mode functions and mass spectrum of S 2-extra dimension with magnetic monopole
Then, we discuss the KK mode functions and the mass spectrum of S 2-extra dimension with a magnetic
monopole. We consider the space M4 × S 2 with the radius a
ds2 = ηµνdx
µdxν + a2(dθ2 + sin θ dφ2) , (4.18)
and we choose the basis of the vielbein as
eK
Kˆ = diag(1, 1, 1, 1, a, a sin θ) (K = 0, 1, 2, 3, θ, φ , Kˆ = 0ˆ, 1ˆ, 2ˆ, 3ˆ, θˆ, φˆ) . (4.19)
Furthermore, we introduce the Wu-Yang magnetic monopole background
AN/S = − n
2q
(cos θ ∓ 1)dφ (n = 0,±1,±2, · · · ) , (4.20)
where q is the gauge coupling constant.11 The gauge fields AN and AS are defined on the north patch
(0 ≤ θ < pi , 0 ≤ φ < 2pi) and the south patch (0 < θ ≤ pi , 0 ≤ φ < 2pi) on S 2, respectively.
Then, we consider the 6D Dirac action with the monopole background and the bulk mass M:
S =
∫
d4x
∫
S 2
dθdφ a2 sin θ Ψ¯(x, y)
[
iΓKˆeKˆ
K (∇K + iqAK(y)) − M
]
Ψ(x, y) , (4.21)
11In the case of n = 0, the Einstein equation leads to a → ∞. However, in the case of n , 0, the radius a is stabilized and given
by a2 = n2κ2/8q2 where κ is the 6D gravitational coupling constant [52]. In this paper, we concentrate the structure of the mass
spectrum of this model and we will not take into account the stability of a.
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where we require that the Dirac fields on the north patch ΨN(x, θ, φ) and on the south patch ΨS (x, θ, φ) are
related by gauge transformation
ΨS = e−inφΨN . (4.22)
Here, we define the internal chiral matrix γin which satisfies
γin = iγθˆγφˆ , (γin)2 = 12⌊d/2⌋ , (γ
in)† = γin , {γin, γyˆ} = 0 , (4.23)
and we decomposition ΨN/S (x, θ, φ) as
ΨN/S (x, θ, φ) =
∑
k
∑
α=±
[
f
(k)N/S
α (θ, φ) ⊗ ψ(k)R,α(x) + g
(k)N/S
α (θ, φ) ⊗ ψ(k)L,α(x)
]
, (4.24)
where the index α = ± indicate the eigenvalues of γin = ± for f (k)N/Sα and massless g(k)N/Sα (if exist). 12
In this model, the operator A andA† in the supercharge (2.20) can be written into the form
A = e∓i n2φ
[
iγθˆ
1
a
(
ðs+P+ + ð¯s−P−
)
+ M
]
e±i
n
2
φ , (4.25)
A† = e∓i n2φ
[
− iγθˆ 1
a
(
ðs+P+ + ð¯s−P−
)
+ M
]
e±i
n
2
φ , (4.26)
where the upper and lower signs in the exponential denote the ones for the north and south patches, respec-
tively. (Here after, we use the same notation for the signs in the exponential if appear.) The operators ðs+
and ð¯s− represent the spin weight raising and lowering operators for the spin weight s± = −(n ± 1)/2, and
P± = (1 ± γin)/2 are the projection matrices for γin. Then,A†A andAA† are given by
A†A = AA† = e∓i n2φ
[
− 1
a2
(
ð¯s++1ðs+P+ + ðs−−1ð¯s−P−
)
+ M2
]
e±i
n
2φ . (4.27)
Thus, we can find that the mode functions and the mass eigenvalues are obtained as follows from (2.19) and
(4.6):
f
( jm)N/S
α (θ, φ) =
sαY jm(θ, φ) e
∓i n
2
φ
a
eα , g
( jm)N/S
α (θ, φ) =
1
m j
A f ( jm)N/Sα (θ, φ) , (α = ±) , (4.28)
m j =
√
j( j + 1)
a2
− n
2 − 1
4a2
+ M2 , (4.29)
where s±, j and m are given by
s± = −
n ± 1
2
, j =

|s+| , |s+| + 1 , |s+| + 2 , · · · (for α = +)
|s−| , |s−| + 1 , |s−| + 2 , · · · (for α = −)
, m = − j ,− j + 1 , · · · , j − 1 , j , (4.30)
and we define e± as the 2-component orthonormal vectors which satisfy
γine± = ±e± , γθˆe± = ie∓ , γφˆe± = ∓e∓ . (4.31)
12The massive mode functions g
(k)N/S
α ∝ A f (k)N/Sα are not the eigenfunction with γin = α because A and γin do not commute with
each other.
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Then, the degeneracy of j-th KK level is 2 j + 1 for each mode function.
We can see that the mode functions f
( jm)N/S
± and g
( jm)N/S
± with j = |s±| have the lowest mass eigenvalue√
1/a2 + M2 in the case without the monopole (n = 0). On the other hand, in the case with the monopole
(n , 0), the lowest mass eigenvalue decrease to M and the corresponding mode functions are given by
f
(|s− |m)N/S
− and g
(|s− |m)N/S
− for n > 0 and f
(s+ m)N/S
+ and g
(s+ m)N/S
+ for n < 0. Thus, there are no massless
modes unless the bulk mass M equals to 0 and the magnetic monopole exists. If we consider the model
with M = 0 and n > 0 (n < 0), |n| massless modes exist for the mode functions f ( jm)N/Sα and g( jm)N/Sα with
α = − (α = +) respectively, and |n| massless 4D Dirac fields appear.13
4.3 N-extended QM SUSY in S 2-extra dimension with magnetic monopole
Let us construct the N-extended QM SUSY in S 2-extra dimension with the magnetic monopole. For this
purpose, we first summarize the well defined operators for the KK mode functions f
( jm)N/S
α and their prop-
erties in this model:
• properties of γinγyˆðin
We write the operator ðin as
ðin = e
∓i n
2
φ(ðs+P+ + ð¯s−P−)e
±i n
2
φ , (4.32)
which appears in theA andA†. Then, the operators iγinγyˆðin (yˆ = θˆ , φˆ) satisfy
[iγinγyˆðin ,A†A] = 0 , {iγinγθˆðin , iγinγφˆðin} = 0 . (4.33)
These operators relate f
( jm)N/S
α with f
( jm)N/S
−α since the operator ðin raises the spin weight for the functions
with γin = + and lowers the spin weight for the functions with γin = −. Furthermore, these are hermitian for
f
( jm)N/S
α in the sence that
〈iγinγyˆðin f ( j
′m′)N/S
α′ | f
( jm)N/S
α 〉 = 〈 f ( j
′m′)N/S
α′ |iγinγyˆðin f
( jm)N/S
α 〉 . (4.34)
We can use these operators to construct the N-extended QM SUSY.
• properties of angular momentum operator
From the rotational symmetries of S 2-extra dimension, the angular momentum operator Lz given in
(4.12) with gauge transformation
L
(n)
z = e
∓i n
2
φLze
±i n
2
φ , (4.35)
are hermitian and well-defined for the mode functions. Furthermore this satisfy
[L
(n)
z ,A†A] = [L(n)z , ðin] = 0 . (4.36)
This is also useful for the construction of the N-extended QM SUSY.
• properties of reflection operators
13If we consider the action with a 6D chiral field with the eigenvalue Γ7 = −Γ0ˆΓ1ˆΓ2ˆΓ3ˆΓθˆΓφˆ = + (−), there appear n 4D left
(right)-handed fields in the case of n > 0 and |n| 4D right (left)-handed fields in the case of n < 0.
11
In the model without the magnetic monopole (n = 0), we can consider the reflection operators with
gamma matrices γinγθˆRθ and γ
inγφˆRφ where Rθ and Rφ represent the reflections for the coordinates θ and φ
Rθ : θ→ pi − θ , Rφ : φ→ −φ . (4.37)
These operators are well-defined for the mode functions f
( jm)
α and commute withA†A because of the reflec-
tion symmetries in S 2-extra dimension.
In the case of S 2 with monopole (n , 0), the above operators are ill-defined and do not commute with
A†A by the monopole background. However, the operator with the combination of the above reflections and
the gauge transformation
R = e∓i n2φRθRφe±i
n
2
φ (4.38)
is hermitian and well-defined for the mode functions and satisfies
[R ,A†A] = {R , ðin} = {R , L(n)z } = 0 , R2 = 1 . (4.39)
we find that this operator connects the mode functions f
( jm)N/S
α to f
( j−m)N/S
α .
Then, we can obtain various kinds of N-extended QM SUSYs from the above operators. As examples,
we consider the following two N-extended QM SUSYs:
• N = 6 extended QM SUSY with central charges from the angular momentum operator
First, we consider the N = 6 extended QM SUSY with central charges which consist of the angular
momentum operator L
(n)
z :
{Qk ,Ql} = 2Hδkl + 2Zkl , (4.40)
[Qk′ , Zkl] = [H , Zkl] = [Zkl , Zk′l′ ] = [Qk′ ,H] = 0 (k, l, k
′, l′ = 1, · · · , 6) , (4.41)
where the supercharges Qi and the nonzero components of central charges Zi j are given by
Q1 =
 0 −γinγθˆðinA†Aγinγθˆðin 0
 , Q2 =
 0 −γinγφˆðinA†Aγinγφˆðin 0
 , (4.42)
Q3 =
 0 iγinL
(n)
z A†
−iAγinL(n)z 0
 , Q4 =
(
0 iγinA†
−iAγin 0
)
, (4.43)
Q5 =
 0 L
(n)
z A†
AL(n)z 0
 , Q6 = Q , (4.44)
Z11 = Z22 = H(−1 + a2H − a2M2) , (4.45)
Z34 = Z56 =
L
(n)
z A†A 0
0 AL(n)z A†
 , Z33 = Z55 = −H +
(L
(n)
z )
2A†A 0
0 A(L(n)z )2A†
 , (4.46)
In this QM SUSY, Q3 and Q4 commute with each other and also Q5 and Q6.
According to the discussion given in the section 3.2, we redefine the supercharges for the eigenfunctions
with the eigenvalues H = m2
j
, Z34 = m m
2
j
and Z33 = (−1+m2)m2j (where m indicates the angular momentum
12
number):
Q′1 = Q1 , Q
′
2 = Q2 , (4.47)
Q′3 =
1√
1 + m2
(mQ3 + Q4) , Q
′
4 =
1√
1 + m2
(Q3 − mQ4) , (4.48)
Q′5 =
1√
1 + m2
(mQ5 + Q6) , Q
′
6 =
1√
1 + m2
(Q5 − mQ6) , (4.49)
The SUSY algebra (4.40) is written into the following form for the redefined supercharges
{Q′k ,Q′l} = 2m2jδkl + 2z′km2jδkl , (4.50)
where z′
k
(k = 1, · · · , 6) is given by
z′1 = z
′
2 = (−1 + a2m2j − a2M2) , z′3 = z′5 = m2 , z′4 = z′6 = −1 . (4.51)
From this relation, we find that Q′
4
= Q′
6
= 0 for any eigenstates. Furthermore the supercharges Q′
1
and Q′
2
equal to 0 for the states with m j = M (or equivalently H = M
2), that is the case of j = |s−| for n > 0 and
j = s+ for n < 0. Thus, the BPS states appear as discussed in the section (3).
Then we can construct the eigenfunctions Φ
( jm)
s12s35,z
′(y) with H = m j , M as
Φ
( jm)N/S
++,z′ (y) =
(
f
( jm)N/S
+
0
)
, Φ
( jm)N/S
−+,z′ (y) =
(
0
−ig( jm)N/S−
)
, Φ
( jm)N/S
+−,z′ (y) =
(
0
−ig( jm)N/S+
)
, Φ
( jm)N/S
−−,z′ (y) =
(
f
( jm)N/S
−
0
)
,
(4.52)
and also the eigenfunctions Φ
( jm)
s35,z
′(y) with H = M as

Φ
(|s− |m)N/S
+,z′ (y) =
 0−ig(|s− |m)N/S−
 , Φ(|s− |m)N/S−,z′ (y) =
− f
(|s− |m)N/S
−
0
 for n > 0 and j = |s−| ,
Φ
(s+m)N/S
+,z′ (y) =
 f
(s+m)N/S
+
0
 , Φ(s+m)N/S−,z′ (y) =
 0−ig(s+m)N/S+
 for n < 0 and j = s+ .
(4.53)
Here z′ indicates {z′
i
(i = 1, · · · , 6)} given in (4.51) and s12 = ±, s35 = ± denote the signs of the eigenvalues
of S 12 = −iQ1Q2, S 35 = −iQ3Q5.
Then we can show that the above eigenfunctions form the supermultiplets and satisfy the same relation
as (3.20). In this extended QM SUSY, the four (two) -fold degenerated eigenfunctions with H , M (H = M)
are related by the supercharges Q′
i
with i = 1, 2, 3, 5 (i = 3, 5). Furthermore, the extra (2 j + 1)-fold degener-
acy exists in the eigenfunctions. The origin of this degeneracy comes from the angular momentum number
m, which corresponds to the eigenvalues of central charges.
• N = 6 extended QM SUSY with central charges from the angular momentum operator and the
reflection operator
Next, we construct the N = 6 extended QM SUSY with central charges from the angular momentum
operator and the reflection operator:
{Qk ,Ql} = 2Hδkl + 2Zkl ,
[Qk′ , Zkl] = [H , Zkl] = [Zkl , Zk′l′ ] = [Qk′ ,H] = 0 (k, l, k
′, l′ = 1, · · · , 6) , (4.54)
13
where the supercharges Qi and the nonzero components of the central charges are taken to be the form of
Q1 =
 0 −γinγθˆðinA†Aγinγθˆðin 0
 , Q2 =
 0 −γinγφˆðinA†Aγinγφˆðin 0
 , (4.55)
Q3 =
 0 iγinL
(n)
z A†
−iAγinL(n)z 0
 , Q4 =
 0 −L
(n)
z RA†
AL(n)z R 0
 , (4.56)
Q5 =
(
0 iRA†
−iAR 0
)
, Q6 = Q , (4.57)
Z11 = Z22 = H(−1 + a2H − a2M2) , Z33 = Z44 = −H +
(L
(n)
z )
2A†A 0
0 A(L(n)z )2A†
 , (4.58)
As well as the previous extended QM SUSY, the supercharges Q1 and Q2 equal to 0 for the states with
H = M2. In addtion, the eigenstates with Z33 = −m2j (L(n)z = 0) become BPS states and Q3 and Q4 equal to 0
for them.
Here, we redefine the basis of the KK mode functions to obtain the representation of this QM SUSY
f
( jm)N/S
α,r (θ, φ) =
1√
2
(
f
( jm)N/S
α (θ, φ) + r(−1) j+sα f ( j−m)N/Sα (θ, φ)
)
,
g
( jm)N/S
α,r (θ, φ) =
1√
2
(
g
( jm)N/S
α (θ, φ) + r(−1) j+sα g( j−m)N/Sα (θ, φ)
)
, (4.59)
where r = ± and m ≥ 0. The mode functions f ( jm)N/Sα,r with r = ± correspond to the parity even and odd
functions for R, respectively
R f ( jm)N/Sα,± = ± f ( jm)N/Sα,± . (4.60)
Then, we can obtain the eigenfunctions Φ
( jm)
s12s34 s56,z(y) for non-BPS states (H = m
2
j
, M2, Z33 = (−1+m2)m2j ,
−m2
j
) as follows:
Φ
( jm)
+++,z(y) =
(
f
( jm)N/S
+,+
0
)
, Φ
( jm)
−++,z(y) =
(
0
−ig( jm)N/S−,−
)
, Φ
( jm)
+−+,z(y) =
(
0
−ig( jm)N/S+,−
)
, Φ
( jm)
++−,z(y) =
(
0
−ig( jm)N/S+,+
)
,
Φ
( jm)
−−+,z(y) =
(
f
( jm)N/S
−,+
0
)
, Φ
( jm)
−+−,z(y) =
(
f
( jm)N/S
−,−
0
)
, Φ
( jm)
+−−,z(y) =
(
f
( jm)N/S
+,−
0
)
, Φ
( jm)
−−−,z(y) =
(
0
−ig( jm)N/S−,+
)
,
(4.61)
where z indicates zi (i = 1, 2, 3, 5) which are the coefficient of m
2
j
in the eigenvalues of Zii (i = 1, 2, 3, 5)
z1 = z2 = −1 + a2m2j − a2M2 , z3 = z5 = −1 + m2 , (4.62)
and the dependence of z in the right hand side of (4.61) is described by j and m. s12 = ±, s34 = ± and
s56 = ± denote the signs of the eigenvalues of S 12 = −iQ1Q2, S 34 = −iQ3Q4, S 56 = −iQ5Q6.
We can show that the above eigenfunctions form the supermultiplets and satisfy the same relation as
(3.20). The supermultiplets for the BPS states can be constructed by use of the mode functions f
( jm)N/S
α,r and
g
( jm)N/S
α,r in the same way.
In this extended QM SUSY, the eight-fold degenerated non-BPS states is related by the six supercharges
Qi (i = 1, · · · 6). Therefore, we see that the additional two-fold degeneracy can be further explained by the
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supercharges compared with the previous extended QM SUSY (although the total degeneracy including the
BPS states with m = 0 is not changed). This additional degeneracy corresponds to the parity even and odd
for the reflection. Since the eigenfunctions with m = 0 are only equivalent for the parity even from the
definition (4.59), they should become the BPS states.
Although we considered two examples, there are more extended QM SUSYs constructed from the sym-
metries. For instance, we can obtain them by using the reflection operators γinγθˆRθ and γ
inγφˆRφ in the case
without the magnetic monopole, since those operators correspond to the symmetries in such model.
5 Summary and discussion
In this paper, we have constructed the new realization of the N-extended QM SUSY with central charges
hidden in the higher dimensional Dirac action with curved extra dimensions. This extended QM SUSY
results from symmetries in extra dimensions, and the supercharges and the central charges are obtained by
use of them.
We have also investigated the representation of the SUSY algebra and shown that the supermultiplets
would become the BPS states. In addition, we considered the model of S 2-extra dimension with the mag-
netic monopole as the concrete expample. Then we have confirmed that the KK mode functions properly
correspond to the representations in the two types of N-extended QM SUSYs which are obtained from the
rotational and reflection symmetries in the extra dimensions.
The characteristic property of our extended QM SUSY is that certain supercharges commute with each
other. Recently, a new generalization of supersymmetry is proposed, that is Zn
2
-graded supersymmetry whose
supercharges have n degrees [53–55]. For their supercharges with different degrees, the algebra may not
close in anticommutator but commutator. Therefore, it is interesting to investigate the relation between this
supersymmetry and our QM SUSY.
Our analysis is not perfect. As we have seen in the section 4, there appear various extended QM SUSYs
in a model, according to sets of symmetries. Thus, we should clarify what kinds of extended QM SUSYs
can be obtained in terms of a model. It is also important to reveal that what symmetries exist by the choice of
boundary conditions, extra dimensional spaces and background fields. Furthermore, it is known that central
charges are closely related to topological properties [41, 56, 57]. Although the central charges given in the
section 4 might be related to the topology of S 2 and the magnetic monopole, the detailed structures are
not unveiled. Thus, we should more investigate models with nontrivial topology. We can also expect the
possibilities that the further structures are hidden in the 4D mass spectrum. Since our discussions are not
completely general, other realizations of extended QM SUSY might be constructed.
Moreover, since we have obtained the new extended QM SUSY, it is fascinating to study new types of
exactly solvable quantum-mechanical models. The issues mentioned in this section will be reported in a
future work.
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